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2 SAHARON SHELAH
§ 0. Introduction
§ 0(A). Background.
Laszlo Fuchs in [Fuc73], continuing work of Corner [Cor69], proved that there are
torsion free indecomposable, moreover, endo-rigid Abelian groups G of quite large
cardinality (up to the first inaccessible) and ask if it can be done in all. Endo-rigid
means that every endomorphism f of G is x 7→ λ or is x 7→ ax for some a ∈ Z (and is
onto iff a ∈ {1,−1}); indecomposable means that G = G1⊕G2 ⇒ G1 = 0∨G2 = 0.
The indecomposability was the original question, but endo-rigid is much stronger.
It is very fitting that this work is dedicated to Laszlo: he has been the father of
modern Abelian group theory; his book [Fuc73] makes me in 1973, start to work
on Abelian groups, (in [Sh:44]); this work was motivated by thinking of a paper
suitable to be contributed to a volume in his honour; and last but not least the
problem on the existence of indecomposable and endo rigid Abelian groups was
the first I had started to work on reading his book. Meanwhile Fuchs [Fuc74]
has succeeded to prove existence of indecomposable Abelian groups up to the first
measurable cardinal.
The question was solved by the author ([Sh:44]); and see on the subject Trlifaj-
Go¨bel [GT12], but the proof was less explicit: it used stationary subsets of regular
uncountable cardinals. We may wonder: is this non-effectiveness necessary? How
can we phrase this as an explicit problem? Moreover, we call a family G of Abelian
groups endo-rigid when if G1, G2 ∈ G and h ∈ Hom(G1, G2) then G1 = G2 and
h is a multiplication by an integer. In fact the proof in [Fuc73] is by building by
induction on λ such family Gλ of 2
λ Abelian groups each of cardinality λ.
We may look at model theory essentially replacing “isomorphic” by “almost
isomorphic”, that is isomorphisms by potential isomorphisms, i.e. isomorphism in
some forcing extension (= generic extension). In [Sh:12] we have suggested to recon-
sider a major theme in model theory, that of counting the number of isomorphism
types. Recall thatM,N are almost-isomorphic iff M,N have (the same vocabulary
and) the same L∞,ℵ0-theory, equivalently are isomorphic in some forcing extension.
For a theory T let I˙∞,ℵ0(λ, T ) be the number of models of T of cardinality λ up
to almost isomorphism, i.e. |{M/ ≡L∞,ℵ0 : M a model of T of cardinality λ}|. This
behaves nicely ([Sh:12]): if T has cardinality ≤ λ, is first order or is just ⊆ Lλ+,ℵ0
of cardinality ≤ λ then I˙∞,ℵ0 (λ, T ) ≤ θ < µ⇒ I˙∞,ℵ0(µ, T ) ≤ I˙∞,ℵ0(θ, T ), (recently
on I˙∞,ℵ0(−, T ) for ℵ0-stable T , see a work of Laskowski-Shelah [LwSh:1016]). In
[Sh:12] we also define “M is ai-rigid, i.e. a 6= b ∈ M ⇒ (M,a) 6≡L∞,ℵ0 (N, a)” and
have downward LST theorem for it. Generally on almost isomorphism and L∞,ℵ0
see Barwise [Bar73]. Later Nadel [Nad94] ask more specifically about the number
of torsion free Abelian groups up to being almost isomorphic. He suggested further
to consider homomorphisms, in particular for Abelian groups; that is, maybe we
cannot find absolutely-rigid Abelian groups of arbitrarily large cardinal. In fact
Nadel approach was to look at old constructions, he pointed out that the original
constructions of Fuchs in [Fuc73] were absolute and the ones in [Fuc74], [Sh:44]
were not. Fuchs one used infinite products (which are explicit but not absolute)
and [Sh:44] use stationary sets.
For “endo-rigid” the answer is that we cannot construct when some specific
mild large cardinal exists by Eklof-Shelah [EkSh:678], see Eklof-Mekler [EM02,
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Ch.IV,§3,pg.487], i.e. λ = κ(ω) the first ω-Erdo¨s cardinal. If λ ≥ κ(ω) then
for every sequence 〈(Gα, aα) : α < λ〉 for some α < β < λ, in some VP, Gα is
embeddable into Gβ ; moreover if xγ ∈ Gγ for γ < λ then for some α < β < λ, in
someVP there is an embedding of Gα into Gβ mapping xα to xβ , (so (∀α)(Gα = G)
is allowed). This explains why [Fuc74] gets only indecomposable (not endo-rigid).
It was claimed there ([EkSh:678], [EM02]) that for every λ there are absolutely
indecomposable Abelian groups, but the proof was withdrawn.
A problem left open was solved by Go¨bel-Shelah [GbSh:880]: if λ < κ(ω) then
there are absolutely endo-rigid Abelian groups and using it Fuchs-Go¨bel [?] does
much more. That is, for smaller λ, there is a family of 2λ Abelian groups of
cardinality λ which is absolutely endo-rigid. It is explicitly pointed out there that
this gives absolutely an indecomposable Abelian group in any such cardinal.
All this still left open the question about the existence of indecomposable ones;
we have made several wrong tries.
Another interpretation of “more explicit construction” is “provable without the
axiom of choice”. We may also ask for more: no epimorphism (for monomorphisms
we cannot). Also there are many works on such problems on R-modules and we
may wonder on the situation for R-modules.
§ 0(B). The Results.
Our main result is that there is an explicit construction of Abelian groups of
any cardinality λ which are absolutely indecomposable, moreover, absolutely has
no non-trivial epimorphism. Also the axiom of choice is not needed and we get 2λ
many, pairwise absolutely non-isomorphic. We deal with modules but only as long
as it does not complicate the proof.
However, note that (by absoluteness)
(∗) assume V is a model of ZF only. If in L, G is absolutely endo-rigid (or
indecomposable) then this holds also in V.
So by [GbSh:880] we can deduce the existence of an endo-rigid G of cardinality λ
when λ is not too large. Similarly here.
Remark 0.1. Clearly we can use only finitely many primes, and weaken the demand
on being primes and in R, but we delay this. It seems that we may look for R-
modules with distinguished finitely many (or just four) submodules as in [GM90],
[GbSh:880] and [FG08] and characterization of the ring of onto endomorphisms and
consider non-well orderable rings, but again this is delayed.
§ 0(C). Preliminaries.
Notation 0.2. 1) R denotes a ring with unit, i.e. 1R.
2) Let τR be the vocabulary of any left R-module.
3) R+ = R\{0R}.
4) Let Q = QR be the field of quotients of R when R is commutative torsion free.
5) For M and R-module let inv(R) = {a ∈ R : a is invertible} and epi(M) = {a ∈
R : aM = M}.
4 SAHARON SHELAH
Definition 0.3. 1) We say R is torsion free when a · b = 0 = a = 0 ∨ b = 0.
2)We say anR-module is torsion free when M |= “ax = 0” implies a = 0R∨x = 0M .
Definition 0.4. 1) For M an R-module we say X ⊆M is pure when ax ∈ X ∧a 6=
0R ⇒ x ∈ X .
1A) Similarly for a torsion free R-module, R a torsion free ring.
2) For a torsion free Abelian group G and A ⊆ G let PC(A) be the minimal pure
subgroup of G which includes A.
3) For a formula ϕ(x) in the vocabulary τ and τ -model M , let ϕ(M) = {a ∈ M :
M |= “ϕ[a]”}.
4) For an R-moduleM andX ⊆M the set affinly generated by A inM is {
∑
ℓ≤n
aℓzℓ :
aℓ ∈ R, zℓ ∈ X for ℓ ≤ n and
∑
ℓ≤n
aℓ = 1R}.
5) We say x¯ = 〈xs : s ∈ I〉 is a basis of the R-module M when :
• xs ∈M\{0M} and x¯ is with no repetitions
• if 〈sℓ : ℓ ≤ n〉 and ℓ ≤ n⇒ aℓ ∈ R+ then
∑
ℓ≤n
aℓsℓ 6= 0
• M is the pure closure of
∑
s∈I
Rxs.
Definition 0.5. 1) We say a group or any structure M is absolutely rigid in ψ(x)
or in ψ(M) when: ψ(x) ∈ L∞,ℵ0 and in every forcing extension V
P of V, every
automorphism of M is trivial on ψ(M) which means it is x 7→ cx for x ∈ ψ(M)
where c ∈ QR and so necessarily cψ(M) = ψ(M).
1A) We add “strictly” when above the c ∈ R is invertible (in R).
2) If above ψ(x) = (x = x) so ψ(M) = M then we may omit the “in ψ(M)”.
3) For an R-module M we say M is semi-rigid in X ⊆M when for every automor-
phism f ofM we have x ∈ X ⇒ f(x) ∈ PCM ({x}). We may write x¯ = 〈xα : α < α∗〉
instead {xα : α < α∗}. We define “absolutely semi-rigid in X” similarly.
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§ 1. Constructing absolutely rigid Abelian groups
Below we can choose R = Z and the assumptions on R we use are chosen just
such that the proof is not more complicated.
Main Claim 1.1. M is absolutely semi-rigid in x¯ when :
(∗) (a) R is a commutative torsion free ring (so with unit 1R), so
a, b ∈ R+ ⇒ a · b ∈ R+
(b)(α) ψ1(x), ψ2(x) ∈ L∞,ℵ0(τR)
(β) ϕε(x) ∈ L∞,ℵ0(τR) for ε < λ
(c)(α) M is an R-module, torsion free
(β) for ℓ = 1, 2,Mℓ is a sub-module of M with universe ψℓ(M)
and M1 ∩M2 = {0M}
(γ) for ε < λ,Nε is a submodule of M with universe ϕε(M)
(d)(α) x¯ = 〈xα : α < λ〉 is a basis of M1 so with no repetitions
(β) y¯ = 〈yα,i : α < λ, i < λ〉 is a basis of M2
(e)(α) g¯ = 〈gα : α < λ〉 where gα : λ→ λ
(β) if α0 < . . . < αn < λ and k ≤ n then for
1 some ε < λ, ε ∈
Rang(gαk) but ℓ ≤ n ∧ ℓ 6= k ⇒ ε /∈ Rang(gαℓ)
(γ) Rang(gε) is unbounded in λ
(f) if ε < λ then ϕε(M) = PCM ({xα + yα,i : α < λ, i < λ are
such that gα(i) ≥ ε}).
Proof. So assume that P is a forcing notion and in VP we have an automorphism f
of G such that f↾ψ1(M) is not the identity. Now {xα : α < λ} is a basis of ψ1(M),
i.e. of M1 and M is torsion free so also ψ1(M) is torsion free, hence
⊞1 f↾{xα : α < λ} is not the identity.
Next, the crucial point
⊞2 for every α < λ, f(xα) ∈ PC({xα}).
Why? f is an automorphism of M hence M |= ψ1[f(xα)] ∧ f(xα) 6= 0. Recalling
that x¯ is a basis of M1 we can find α0 < . . . < αn < λ and a0, . . . , an, b ∈ R+ such
that
(∗)2.1 bf(xα) = a0xα0 + . . .+ anxαn .
If n = 0 ∧ α0 = α we are done so assume that this fails hence for some k ≤ n we
have αk 6= α. There is ε such that
(∗)2.2 ε < λ and ε ∈ Rang(gαk) but ε /∈ Rang(gα) and ℓ ≤ n ∧ ℓ 6= k ⇒ ε /∈
Rang(gαℓ).
[Why? If α ∈ {αℓ : ℓ ≤ n} we apply clause (∗)(e)(β) to 〈αℓ : ℓ ≤ n〉 and k to find
ε. If α /∈ {αℓ : ℓ ≤ n〉 let αn+1 = α and apply clause (∗)(e)(β) to 〈αℓ : ℓ ≤ n+ 1〉
and k to find ε.]
For ζ < λ and z ∈M1 let AMζ,z := {t ∈M2 : z + t ∈ Nζ}.
Now
1We do not ask, e.g. gαk (ε) > gαℓ(ε) for ℓ ≤ n, ℓ 6= k!
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(∗)2.3 AMζ,z is definable in M from z
hence
(∗)2.4 f maps AMζ,xα onto A
M
ζ,f(xα)
for ζ < λ, α < λ.
Next
(∗)2.5 AMε,xα = A
M
ε+1,xα .
[Why? Recall ϕζ(M) = Nζ is the sub-module of M which is PC({xβ + yβ,i : β, i <
λ, gα(i) ≥ ζ}) hence is a sub-module of M1 +M2. For every ζ < λ and t ∈ M2 we
have t ∈ AMζ,xα ⇔ xα + t ∈ Nζ ⇔ M |= ϕζ(xα + t) ⇔ xα + t ∈ PC({xβ + yβ,i :
β < λ, i < λ and gβ(i) ≥ ζ}). As 〈xγ : γ < λ〉ˆ〈yβ,i : β, i < λ〉 is independent in
M , necessarily also 〈xβ + yβ,i : β, i < λ〉 is independent in M so for t ∈M2 we get
t ∈ AMζ,xα ⇔ xα+ t ∈ PC({xα+yα,i : gα(i) ≥ ζ}). But for ζ ∈ {ε, ε+1} in the right
side we get the same condition (as ε /∈ Rang(gα)). So the left sides are equivalent
too, i.e. t ∈ AMε,xα ⇔ t ∈ A
M
ε+1,xα as promised.]
(∗)2.6 (a) if c ∈ R+ and x ∈M1 and AMε,x = A
M
ε+1,x then A
M
ε,cx = A
M
ε+1,cxα ;
e.g. for (c, x) = (b, xα)
(b) AMε,bxα = A
M
ε+1,bxα
.
[Why? Clause (a) holds by the proof of (∗)2.5 replacing xα by bxα except in
“PC({xα + yα,i : gα(i) ≥ ζ})” recalling M is torsion free. Clause (b) then fol-
lows.]
(∗)2.7 AMε,x 6= A
M
ε+1,x when x =
∑
ℓ≤n
aℓxαℓ .
[Why? First, x ∈M1 = ψ1(M); second, let 〈iℓ : ℓ ≤ n〉 be such that ℓ ≤ n⇒ iℓ < λ
and gαk(ik) = ε and ℓ ≤ n ∧ ℓ 6= k ⇒ gαℓ(iℓ) > ε; this is possible: for ℓ = k by the
choice of k and ε, and for ℓ 6= k because Rang(gβ) is an unbounded subset of λ.
So
• xαℓ + yαℓ,iℓ ∈ Nε for ℓ ≤ n
• xαℓ + yαℓ,iℓ ∈ Nε+1 for ℓ ≤ n, ℓ 6= k; recalling ε /∈ Rang(αℓ)
• xαk + yαk,ik /∈ Nε+1 recalling gαk(ik) = ε.
Hence as ak 6= 0R:
•
∑
ℓ≤n
aℓxαℓ +
∑
ℓ≤n
aℓyαℓ,iℓ ∈ Nε+1\Nε.
Hence recalling x =
∑
ℓ≤n
aℓxαℓ we conclude
• Σaℓyαℓ,iℓ ∈ A
M
ε,x\A
M
ε+1,x.
So (∗)2.7 holds indeed.]
But recalling that bf(xα) =
∑
ℓ<n
aℓyαℓ,iℓ so by (∗)2.7
(∗)2.8 bf(xα) ∈ AMε,x\A
M
ε+1,x
and this contradicts (∗)2.6(b), because f(bxα) = bf(xα), so we are done proving ⊞2
hence the main claim. 1.1
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Claim 1.2. M is absolutely semi-rigid in ψ1(M) when
(∗) as in 1.1 but replacing clause (d)(β) by (d)(β)′, replacing clause (f) by (f)′
and adding clause (g) where:
(d) (β)′ 〈yα,i : α < λ, i < λ〉ˆ〈y∗〉 is a basis of M2
(f)′ if ε < λ then ϕε(M) = PCM ({xα + yα,i : α < λ, i < λ are such that
gα(i) ≥ ε} ∪ {xα + y∗ : α < λ})
(g) ϕλ(x) ∈ L∞,ℵ0(τR) and Nλ := ϕλ(M) = PCM ({xα + y
∗ : α < λ}) so
a pure sub-module.
Proof. Let P and f be as in the proof of Claim 1.1. By the proof of Claim 1.1 we
have α < λ⇒ f(xα) ∈ PCM ({xα}).
Let a, b ∈ R+ be such that f(ax0) = bx0, easily it suffices to prove:
⊕ if α < λ then f(axα) = bxα.
Why ⊕ holds? If not, there are a∗, b1, b2 ∈ R+ and α1 < α2 such that f(a∗xαℓ) =
bℓxαℓ for ℓ = 1, 2 and α1 6= α2, b1 6= b2. So f(a∗xα1 − a∗xα2 ) = b1xα1 − b2xα2 . Also
we know xαℓ+y∗ ∈ ϕλ(M) hence a∗xα1−a∗xα2 ∈ ϕλ(M) hence a∗b1xα1−a∗b2xα2 =
f(a∗xα1−a∗xα2) ∈ ϕλ(M). But xαℓ+y∗ ∈ ϕ∗(M) hence a∗bℓxαℓ+a∗bℓy∗ ∈ ϕλ(M)
for ℓ = 1, 2 so by subtracting (a∗b1xα1 − a∗b2xα2 ) + (a∗b1 − a∗b2)y∗ ∈ ϕ∗(M).
By the last two sentences (a∗b1−a∗b2)y∗ ∈ ϕ∗(M); but b1 6= b2 so a∗b1−a∗b2 6= 0
hence y∗ ∈ ϕ∗(M) contradicting clause (g) of the assumption. 1.2
Conclusion 1.3. The model M is an absolutely rigid when :
(∗) (a) R is a commutative torsion free ring with 1R
(b) M is a torsion free R-module
(c) for some ψ¯ = 〈ψι : ι < ι∗〉 we have
(α) ψι ∈ L∞,ℵ0(τR)
(β) Mι = ψι(M) is a sub-module of M
(γ) M = PCM (
⋃
ι
Mι)
(δ) for every ι there are j < ι∗ and ϕ¯ι = 〈ϕι,ε : ε < λ〉, ϕιλ such that
M,ψι, ψj , ϕ¯ι, ϕ
ι
λ satisfies the assumptions of 1.2, 1.2 for M,ψ1, ψ2, ϕ¯, ϕλ
(ε) if c ∈ R+ is not invertible then for some ι < ι∗ we have
cMι 6= Mι
(ζ) if ∅ $ u $ ι∗ then for some ι1 ∈ u∗ and ι2 ∈ ι∗\u there are no
automorphism π of PCM (Mι1 ∪Mι2) and c1 6= c2 ∈ QR such
that x 7→ cℓx induce the automorphism π↾Mℓ of Mℓ for ℓ = 1, 2.
Proof. Let f be an automorphism ofM in the universeVP for some forcing notion P.
By 1.2, for every ι < ι∗ for some c ∈ QR we have cιMι = M and x ∈Mι ⇒ f(x) =
cιx. If 〈cι : ι < ι∗〉 is constant we are done by (∗)(c)(ε) so toward contradiction we
assume it is not and so u := {ι < c∗ : cι 6= c0} is 6= ι∗ and 6= ∅.
By (∗)(c)(ζ) we get a contradiction. 1.3
Theorem 1.4. Assume R = Z or just R is a commutative torsion free ring with
1 and has infinitely many primes. Then for every λ there is an absolutely rigid
R-module of cardinality λ+ |R|.
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Proof. Let pι, qι,n(ι < ω, n < ω) be pairwise distinct primes of R.
For each ℓ we let
(∗)1 ψℓ(x) =
∧
n
(pnℓ |x), of course p
n
ℓ is the n-th power of pℓ
(∗)2 we define ϕℓ,ε,k(x0, x1) by induction on ε as follows
(a) if ε = 0 : ϕℓ,ε,k(x0, x1) = (ψℓ,k(x0)∧ψℓ+k+1(x1)∧
∧
m
((qℓ,k)
m|(x0+x1))
(b) if ε > 0, ϕℓ,ε,k(x0, x1) =
∧
ζ<ε
ϕℓ,ζ,k(x0, x1) ∧
∧
ζ<ε
(∃x2)(ϕℓ,ε,k+1(x1, x2)
(∗)3 for ε ≤ λ let ϕℓ,ε(x) =
∨
b∈R
(∃x0, x1)(bx = x0 + x1 ∧ ϕℓ,ω·ε,0(x0, x1)).
The rest should be clear. 1.4
Theorem 1.5. (ZF)
1) For every cardinal (i.e. ℵ) λ there is such an absolutely rigid Abelian group of
cardinality λ.
2) Moreover, if A ⊆ P(λ),ℵ0 ≤ |A| = |A|<ω, then there is such a group of power
|A|.
3) Similarly for R-modules when R is as in 1.4 and R is well orderable.
Proof. Should be clear. 1.5
So we can
Theorem 1.6. For every λ, there are 2λ absolutely rigid, pairwise absolutely non-
isomorphic Abelian groups of cardinality λ.
Proof. Obvious by the proof. 1.6
Recall that we cannot exclude embeddings (= mono-morphisms). So we may won-
der what about the epimorphisms?
Claim 1.7. If f is an endomorphism of M which maps ϕ0(M) onto ϕ0(M) then
f↾ϕ0(M) is one-to-one provided that:
(∗) (a) R is a commutative torsion free ring with 1R
(b) M is a torsion free R-module
(c) ϕε(x) ∈ L
ep
∞,ℵ0
(τR), for ε ≤ ε∗ where ep stands for existential positive
(or just generated from the atomic formulas by ∃ and ∧)
(d) 〈ϕε(M) : ε ≤ ε∗〉 is ⊆-decreasing continuous of sub-modules of M
(e) ϕε∗(M) = {0M}
(f) ϕε(M)/ϕε+1(M) is torsion free of rank 1, so isomorphic to some
sub-R-module of QR (= the field of fractions of R) considered
as an R-module
(g) xε ∈ ϕε(M)\ϕε+1(M) for ε < ε∗
(h) ϕ0(M) = PCM ({xε : ε < ε∗}).
Remark 1.8. E.g. for R = Z, we can use in (f) “finite rank torsion free”.
Proof. For ε < ε∗ let yε := f(xε). As ϕε(x) ∈ L∞,ℵ0(τR) is existential positive,
clearly f maps ϕε(M) into ϕε(M), hence yε ∈ ϕε(M).
The main point is:
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(∗) U = ∅ where U = {ε < ε∗ : yε ∈ ϕε+1(M)}.
Why is (∗) sufficient?
If x ∈ ϕ0(M)\{0M} then by clause (h) of the assumption for some b ∈ R+, n
and ε0 < . . . < εn < ε∗ and aℓ ∈ R+ for ℓ ≤ n we have M |= “bx =
∑
ℓ≤n
aℓxεℓ”
hence bf(x) =
∑
ℓ≤n
aℓf(xαℓ) ∈ a0yε0 + ϕε0+1(M). As a0 ∈ R
+, by clause (g) clearly
yε0 ∈ ϕε0 (Mε0)\ϕε0+1(M) and by clause (f) of the assumption, a0yε0 /∈ ϕε0+1(M)
hence by the previous sentence bf(x) 6= 0M hence f(x) 6= 0M . So we have proved
that f maps any non-zero member of ϕ0(M) into a non-zero member of ϕ0(M),
hence f↾ϕ0(M) is one-to-one as promised.
Why is (∗) true?
Toward contradiction, assume U 6= ∅ and let ζ be the first member of U . As we
are assuming “f maps ϕ0(M) onto ϕ0(M)” there is z ∈ ϕ0(M) such that f(z) = xζ .
As z ∈ ϕ0(M) by clause (h) of the assumption of the claim we can find b ∈ R+, n
and ε0 < . . . < εn < ε∗ and a0, . . . , an ∈ R+ such that M |= “bz =
∑
ℓ≤n
aℓxεℓ”; now
applying f we have M |= “bxζ =
∑
ℓ≤n
aℓyεℓ”.
Case 1: ε0 < ζ
Note that bxζ ∈ ϕζ(M) ⊆ ϕε0+1(M) and ℓ > 0 ⇒ aℓyεℓ ∈ ϕεℓ(M) ⊆ ϕε0+1(M)
so as bxζ =
∑
ℓ≤n
aℓyεℓ we get a0yε0 ∈ ϕε0+1(M) and as a0 ∈ R
+ by clause (f) we
get yε0 ∈ ϕε0+1(M) hence contradiction to ε0 < ζ = min(U ).
Case 2: ε0 ≥ ζ
On the one hand as b ∈ R+ clearly bxζ /∈ ϕζ+1(M). On the other hand εℓ >
ζ ⇒ aℓyεℓ ∈ ϕεℓ(M) ⊆ ϕε0+1(M) and εℓ = ζ ⇒ ℓ = 0 ⇒ yεℓ = yζ ∈ ϕζ+1(M)
hence
∑
ℓ≤n
aℓyεℓ ∈ ϕζ+1(M). Together we get a contradiction to M |= “bxζ =
∑
ℓ≤n
aℓyεℓ”. 1.8
Conclusion 1.9. Theorem 1.4, 1.5 we can strengthen “no automorphism” to “no
endomorphism which is onto”.
Proof. Easy by 1.8 and the proof of 1.4, 1.5. 1.9
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